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We present non-perturbative methods to calculate accurately the renormalized quantities
for Dyson’s Hierarchical Model. We apply this method and calculate the critical exponent
γ with 12 and 4 significant digits in the high and low temperature phases, respectively.
We report accurate values for universal ratios of amplitudes and preliminary results
concerning the comparison with perturbative results.
1. Introduction
The scalar field theory has many important applications such as the generation
of mass in the standard model of elementary particles via spontaneous symmetry
breaking and the theory of critical phenomena. However, there is no approximate
treatment of the theory which can compete in accuracy with the perturbative treat-
ment of quantum electrodynamics.
Hierarchical approximations, where the Renormalization Group (RG) transfor-
mations can be performed easily, provide a test ground for obtaining accurate cal-
culations as well as for testing the validity of several perturbative techniques such as
the renormalized perturbative expansion in field theory. Here, we present a approx-
imation where simple algebraic methods can be used to calculate the renormalized
quantities with great accuracy.
We consider Dyson’s Hierarchical Model1 that couples the main spin in boxes
of size 2l with a strength (c/4)l where c is a free parameter set to c = 21−2/D
in order to approximate a nearest neighbor model in D dimensions. We have to
specify a local measure W0(φ), for instance of the Landau-Ginsburg type W0(φ) ∝
e−[(1/2)m
2φ2+λBφ
4] where the bare parameters will appear, or of the Ising type.
Under a block spin transformation, the local measure changes according to
Wn+1(φ) ∝ e
β
2
( c
4
)n+1 ×
∫
dφ‘Wn(
φ‘ − φ
2
)Wn(
φ‘ + φ
2
) (1)
The recursion formula can be re-expressed in Fourier representation as
Rn+1 ∝ exp(
−1
2
β
∂2
∂k2
)(Rn(
√
ck
2
))2 (2)
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where Rn(k) is the Fourier transform of Wn(φ) with a rescaling of φ by a factor
2c−1/2.
2. Calculational Method and Numerical Results
It was found that the finite dimensional truncations of degree lmax : Rn(k) =
1+an,1k
2+an,2k
4+ ...+an,lmaxk
2lmax provide very accurate results in the symmet-
ric phase2,3. The round-off errors on the two point function grow like (β − βc)−1
and the finite truncations and volume effects can be controlled with an exponen-
tial precision. The non-Gaussian distribution of the numerical errors made in RG
calculations related to small changes in the scaling factor was also studied in great
detail4. The critical exponent associated with the two point function was found
γ = 1.299140730159∓ 10−12. It was also shown that hyperscaling holds in D = 3
and that the coupling constant vanishes like 1/Λ in D = 4.
In the broken symmetry phase, it is possible to take advantage of about 10
iterations for which the low temperature scaling is observed5 to extrapolate to
infinite volume limit. The critical exponents corresponding to zero momentum
connected q−point functions Gcq(0), for q = 1, 2, 3 are γ1 = −0.324775∓ 2× 10−5 ,
γ2 = 1.29918∓ 1−−4 and γ3 = 2.928∓ 10−2, respectively, in good agreement with
the hyperscaling relation5
γq = γ[(q/2)ln(4/c)− ln2]/ln(2/c). (3)
Recently, we have observed that the dimensionless renormalized coupling con-
stants in the high temperature phase
λ⋆q =
Gc2q m
q(2+D)−D
R
β(q−1)D/2
(4)
corresponding to the q−point function tend to universal values independent of the
choice of the initial measure. Here Gc2q is the connected Green function and mR is
the renormalized mass. We list below the values with significant digits common to
an Ising and a Landau-Ginsburg measures.
Table 1. Renormalized coupling constants λ⋆q for q− point functions.
q λ⋆q q λ
⋆
q
4 1.5058 8 579.97
6 18.107 10 35653
3. Perturbative Analysis
We will use the accurate results mentioned above to test perturbation theory.
We expand the initial local measure into series as
e−(1/2)m
2φ2−λBφ
4 ≃ e−(1/2)m2φ2(1− λBφ4 +
λ2B
2
φ8 + ...). (5)
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Fig. 1. (a) Dimensionless Renormalized mass versus dimensionless bare mass; (b) Dimensionless
Renormalized Coupling Constant versus dimensionless bare mass.
Substituting this back into the recursion relation, one obtains the recursion
relation in orders of λB. After n iterations, the local measure becomes
Wn(φ) = exp[−
(m2B + k
2(n))
2n+1φ2
]×(1−λB×(
3
2n
φ2
n−1∑
m=0
2−m
(m2B + k
2(m))
+
φ4
23n
)+ϑ(λ2B)
(6)
where m2B stands for the bare mass and k
2(l) can be interpreted as the momen-
tum square over l−iterations. We have calculated the renormalized mass and the
dimensionless coupling constant up to order of λ3B. The details of the results will
be provided soon6. This is illustrated in the figures above. The iterative method
can be used to high order in λB if one does not insist on obtaining closed form as
in Eq. (6). This will be used to test standard perturbation method7 to evaluate
the critical exponents.
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